This paper focuses on the following elliptic problem involving a fractional Laplacian:
Introduction
In this paper, we consider the existence of positive solutions to the following fractional Schrödinger equation:
where N ≥ , α ∈ (, ), (-) α stands for the fractional Laplacian, f ∈ C(R + , R + ). The fractional Laplacian (-) α with α ∈ (, ) of a function φ ∈ S is defined by
where S denotes the Schwartz space of rapidly decreasing C ∞ functions in R N , F is the Fourier transform, i.e.,
F(φ)(ξ ) =  (π) N/
R N e -π iξ ·x φ(x) dx.
In the past few years, there have been research activities (see [-] , etc.) on the study of existence and multiplicity of solutions for such kind of problems (P). Here we just mention some results related to our problems.
• For the case V ≡ , the authors in [] studied the existence of positive solutions of (P) when f has subcritical growth and satisfies the Ambrosetti-Rabinowitz condition.
• For the case V ≡ , Chang and Wang in [] obtained the existence of a positive ground state under the general Berestycki-Lions type assumptions.
• Moreover, for the general potential V , which is allowed to vary, ground states were found by imposing a coercivity assumption on V , i.e., lim |x|→+∞ V (x) = +∞.
We refer the readers to [, ] for details. Recently, when the potential V satisfies the conditions H(V )() and H(V )(), Chang in [] proved the existence of ground state solutions under the assumption that f (u) is asymptotically linear with respect to u. Inspired by the above-mentioned papers, we are concerned with the existence of positive solutions of (P). The novelties in this paper are mainly two parts. First, we just assume that the nonlinear term f (u) is superlinear with respect to u at infinity instead of the asymptotically linear condition or Ambrosetti-Rabinowitz condition, which is completely different from those appearing in the literature. To compensate the lack of compactness, we employ the Pohozaev identity to obtain the boundedness of Palais-Smale sequence. Second, it is worth mentioning that in the present paper we consider the existence of non-radial positive solutions of (P). We have to prove a new compact embedding theorem by virtue of some assumptions imposed on the potential V .
Throughout this paper, we assume:
where S α is the best Sobolev constant of the embeddinġ
() There exists r >  such that, for any b > ,
where μ is the Lebesgue measure on R N .
H(f ):
Next, we state our main result. The rest of this paper is organized as follows. In Section , we state and prove some preliminary results which will be used later. We will finish the proof of our main result (Theorem ) in Section .
Preliminary
In this section we recall some results on Sobolev spaces of fractional order. A very complete introduction to fractional Sobolev spaces can be found in [] .
Consider the fractional order Sobolev space
The homogeneous fractional Sobolev space
In this paper we consider its subspace:
with the norm
Using the above lemma, we can obtain the following result.
Theorem  Assume that H(V )() and H(V )() hold. Then:
.
. It suffices to show that for every ε > , there exists
where
On the one hand,
On the other hand, since Sobolev embedding
there is a constant c  >  such that
Applying the Hölder inequality, we get
Hence,
For such a fixed b > , since
there exists R >  large enough such that
It follows from () and () that
from which conclusion (i) of the lemma follows.
(ii) To prove the lemma for general exponent p ∈ (,  * α ), we use an interpolation argu-
Then we have
Using Hölder's inequality, we deduce that
, and the proof of conclusion (ii) is completed.
Next, we state the following version of the Pohozaev identity, which will be used to obtain the boundedness of u n E . Similar results can be found in [, -]. Its proof is a mixture of many ingredients that are scattered through the literature. We refer the readers to Proposition . in [] (see also Proposition . in [] for the case that V (x) ≡ ) for the details.
Lemma  Let N ≥ . Assume that H(f )() and H(f )() hold. If u ∈ E is a weak solution of (P), then the following Pohozaev type identity holds:
Remark  We would like to mention that the regularity condition H(f )() is necessary to prove the Pohozaev identity. The smoothness of f will only be used here.
In order to discuss the problem (P), we need to define a functional in E:
Then we see from H(f )() and H(f )() that ϕ is well defined on E and is of C  , and
It is standard to verify that the weak solutions of (P) correspond to the critical points of the functional ϕ. Next we recall a monotonicity method due to Struwe [] and Jeanjean [], which will be used in our proof. The version here is from [] .
Theorem  Let (X, · ) be a Banach space and I ⊂ R + an interval. Consider the family of C
 functionals on X,
with B nonnegative and either A(u) → ∞ or B(u) → ∞ as u → ∞ and such that ϕ λ () = .
For any λ ∈ I we set
If for every λ ∈ I the set T λ is nonempty and
then for almost every λ ∈ I there is a sequence {u n } ⊂ X such that:
In our case, X = E,
Some lemmas and proof of main result
In this section, to overcome the lack of compactness, we need to consider the functional ϕ λ in the functions space E. We shall prove that ϕ λ satisfies the conditions of Theorem  in the next several lemmas.
Lemma  Let T λ be the set of paths defined in Theorem
Proof We choose η ∈ C ∞  (R N ) with η E =  and sup η ⊂ B r () for some r > . From
Therefore, we can choose t >  large such that ϕ λ (tη) < . The proof is completed.
Lemma  Let c λ be the set of paths defined in Theorem . Then there exists a constant c > 
Proof By H(f )() and H(f )(), for any ε ∈ (, /), there exists c ε >  such that
Furthermore, by Theorem , we have E → L p (R N ) compactly. Then there exists c  >  such that |u| p ≤ c  u E . Hence, for any u ∈ E and λ ∈ [δ, ], using () it follows that
which implies that there exists ρ >  such that ϕ λ (u) >  for every u ∈ E and u E ∈ (, ρ]. In particular, for u E = ρ, we have ϕ λ (u) ≥ c > . Fix λ ∈ [δ, ] and γ ∈ T λ . By the definition of T λ we can see that γ () E > ρ. By continuity, we deduce that there exists
Therefore, we complete the proof.
Next we prove that the functional ϕ λ can achieve the critical value at c λ for any λ ∈ [δ, ].
where E is the dual space of E. Then there exists u ∈ E such that u n u in E. Thus, Theorem  implies that
By virtue of hypothesis H(f )() and H(f )(), for any ε ∈ (, /), there exists c ε >  such that
So it follows from () that
Therefore we conclude that u n
This together with u n u in E shows that u n → u in E. The proof is completed. According to Lemma , we may assume that there exists u λ ∈ E such that u n λ → u λ in E. Then it follows that ϕ λ (u λ ) = c λ and ϕ λ (u λ ) =  and u λ =  from Lemma .
From Lemma  we know that there exist a sequence λ n ∈ [δ, ] with λ n →  -and an associated sequence {u n } ⊂ E such that
Next, we will show that the sequence {u n } is bounded, which is a key ingredient in this paper.
Lemma  Let u n be a critical point of ϕ λ n at the level c λ n as defined in (). Then there exists a constant c  >  such that u n E ≤ c  for all n.
Proof In view of Lemma  and (), we see that u n satisfies the following Pohozaev identity:
Recall that ϕ λ n (u n ) = c λ n . So we have
Then from (), (), and hypothesis H(f )(), it follows that
We estimate the right-hand side of (). By the min-max definition of the mountain pass level c λ n , Lemma  and (), we have
From () and (), we conclude that
Recall from ()
Using () in (), we obtain
which implies that
It follows that
Then the conclusion holds.
Finally, we are ready to prove our main theorem.
Proof of Theorem  Let u n be a critical point for ϕ λ n at the level c λ n . Then from Lemma  we may assume that u n E ≤ c  .
Note that λ n → , we can show that {u n } is a (PS) sequence of ϕ. Indeed, the boundedness of {u n } implies that {ϕ(u n )} is bounded. Also
Hence, ϕ (u n ) → , and consequently {u n } is a bounded (PS) sequence of ϕ. By Lemma , {u n } has a convergent subsequence, hence without loss of generality we may assume that 
